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BACK IN 1979.... @]’

PHYSICAL REVIEW D VOLUME 21, NUMBER 8 15 APRIL 1980

Monte Carlo study of quantized SU(2) gauge theory

Michael Creutz
2pa of Physics, k National Laby ry, Upton, New York 11973
(Received 24 October 1979)

Using Monte Carlo techniques, we cvaluate path integrals for pure SU(Z) gauge fields. Wnlu‘ms
uguhnzanon procedure on a lattice of up to 10* sites controls Our
based on is to hold fixed the string tension, the coefficient of the asymptotic
lmear po!cnml between sources in the fundamental representation of the gauge group. Upon reducing the
cutoff, we observe a logamhmlc decrease of the bare coupling constant in a manner consistent with the
iction. This supports the i of and
freedom for quantized non-. Abelmn gauge fields.

This paper is a real treasure trove

» Monte Carlo algorithm » Continuum limit and
for SU(2) renormalization group

» Operators - Creutz ratio » Results: string tension!
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THE STRING TENSION (ON THE LAST PAGE) @]‘
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”We have shown the onset of
asymptotic freedom for the bare
coupling constant in a
renormalization scheme based on
confinement.

This is strongly suggestive that
SU(2) non-Abelian gauge theory
simultaneously exhibits
confinement and asymptotic
freedom.”

: On 10* volumes - what luck!
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FIG. 6. The cutoff squared times the string tension
as a function of 8. The solid lines are the strong- and
weak-coupling limits.
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FIG. 6. The cutoff squared times the string tension
as a function of 8. The solid lines are the strong- and
weak-coupling limits.
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B Is that a problem?

FIG. 6. The cutoff squared times the string tension
as a function of 8. The solid lines are the strong- and
weak-coupling limits.
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THE A PARAMETER @]’

Already in 1979 it was known that
» The continuum Agcp depends weakly on the RG scheme
(MOM, MS, MS are within 10%)
» Aqcp ~ VK (up to a factor of two or so

» VK/Ajy =~ 200 means

» either that QCD / SU(N) gauge group does not describe
strong interactions

» or that Aj,y is very different from Acont
Lattice perturbation theory is strange!
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THE A PARAMETER @]’

And so my Master’s thesis was born: calculate

Atate/ Avom

- Sometimes I even knew what I was doing
- I still have a deep appreciation for lattice PT
- It was all those tadpoles.....
AMOM = 57.5MA e for SU(2)

Feynman gauge

- an other factor of 3 is due to 2-loop corrections, and
everything works out
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LATTICE SCALES @T

> the string tension served for a while as the favored lattice
scale

» the Sommer parameter ¢ and its variants took over and
are still in play

» fermionic scales (f., mgq) became popular with reliable
dynamical simulations

» there is a new kid on the block : the gradient flow scale
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THE GRADIENT FLOW @]’

The gradient flow is a controlled and reversible smoothing

transformation !
Aut) 35w

dt A,

with smoothing range ~ /8t.
If v/8t >> a the UV fluctuations are removed
— renormalized quantities can be defined

Luscher 2009
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THE GRADIENT FLOW COUPLING @T

Define a running coupling

Shr(n =) = PEO). B0 =3

> easy to measure with small systematical errors
» can be combined with any boundary conditions

» appropriate both for scale setting and step scaling function
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SCALE SETTING WITH GRADIENT FLOW @]’

Define a running coupling

She(n =) = REO).  EO =36,

Fix g2, (u = \/1—87) = gs : defines ;1 — tbatt = t,/a?

Determine ; in physical units — a can be calculated
to scale: : g%(to) = 0.3/ N

Different choices of g% should predict the same scale :
ty/to should be independent of the gauge coupling.
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SCALE SETTING WITH GRADIENT FLOW @T

32r vs t/to should be independent of the lattice spacing >

Example: HISQ action, ms/m; = 27, large volume simulations &
25

A/_
3 —
C o—
D memmm

A:a ~ 0.15fm;
B:a ~ 0.12fm;
C:a ~ 0.09fm;
D: a =~ 0.06fm;

g2 (W)

0 05 | 15
t/ty

¥}

*Baring cut-off effects and assuming ¢ is large to avoid gradient flow
integration artifacts but small enough to minimize finite volume effects
3Thanks N. Brown for sharing the MILC gradient flow data
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THE GRADIENT FLOW COUPLING @T

Options to improve:

» wp scale ®
» perturbative improvement (action+flow-+operator)
» t-shift improved ¢Z(11) : simple modification (1404.0984)

designed for step scaling but works for scale setting
easy to implement with one free parameter

can remove most cut-off effects

works at strong coupling

vV vyVvyy

4Sommer 2013, Ramos 2014
5Borsanyi 2012
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T-SHIFT IMPROVED GRADIENT FLOW @]’

Define the t-shifted coupling as

- 1 1
82GF(H = ﬁ’a) = /vt2<E(t+ﬂzTo)>a o < t

In the continuum a — 0 limit géF(/t) — gép(ﬂ)
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T-SHIFT IMPROVED GRADIENT FLOW @]’

Define the t-shifted coupling as

- 1 1
82GF(M = ﬁ,a) = /T/t2<E(t+ﬂ270)>v o < t

In the continuum a — 0 limit §2 /(1) — g2 (1)

Why would this help? Three ways of looking at it:

1. (E(t)) — (E(t + am))
replaces E(f) with a smeared operator
— smearing tends to remove lattice artifacts

2. t +a*1y — t removes initial flow time artifacts

3. The shift can remove O(a?) terms
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T-SHIFT IMPROVED GRADIENT FLOW @]’

Expand the t-shifted coupling

N 1 1
Sp(p=—=.0) = SE({t+an)), dn<t

V8t N

ina“m

. d
For(ma) = gar(ua) +aPro— (PE(D) + ..
$2r(a) = gop(n) +a*C+...

If C=-7%((E(t))) the O(a?) corrections are removed

8er(p,0) = g&p(p) + O(a*, a*log" ()



Back in 1979 Gradient flow Scale setting Step Scaling Conclusion
:

T-SHIFT IMPROVED GRADIENT FLOW @]’

It might even help at 1-loop level:

2

- 1 asTo\ -2
Serp(ta) = /vt2<E(t +a’n)) = g&r (t+aPm) (1 + T)
(1 +a?70/t)~! term gives tree-level corrections while
a’ry  dg> a’1y
Ser(t+a’m) = 8ZGF(t)+T tWGP‘*" = géF(t)‘i‘T bogGr(H)+ -

gives 1-loop corrections. If
> the tree level corrections are small
» or removed analytically
the 79 shift could give 1-loop improvement!
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T-SHIFT IMPROVED GRADIENT FLOW @T
Prli= = a) = SP(E( +Pn)),
8t N

» Every 7 value is correct - some are just better

» If the tree-level corrections are small, 7y = const can give
1-loop improvement

» For full O(4?) improvement 7., must depend on both the
bare and renormalized couplings

— might mean no predictive power

— comparing different 7 values is a good consistency check



Conclusion
:

Step Scaling

Scale setting

Back in 1979 Gradient flow
Quantify the cut-off dependence: define 2 scales
2 (E(t))|4=t, = 0.35

HISQ 2+1+1
t(E(t))]1=t, = 0.3,

and compare +/ty/t; vs a?/ty for ms/m; = 5,10, 27

without t-shift
0.94 | | ‘ ‘ ‘ ‘
o R——
e
0 =00 m3 —e— |
092 b ‘
E 091 L ‘
09
0.89 |
l;.Z 1]‘.4 0‘.6 0‘.8 ‘I l‘.2
a*/ty

0.88
0
. . 2
Quadratic + quartic a
dependence?
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HISQ 2+1+1

Gj

Quantify the cut-off dependence: define 2 scales

(E(t))]1=t, = 0.3,

P(E()) |i—t, = 0.35

and compare +/fg/t; Vs a® /to for ms/m; = 5,10, 27

without t-shift

0.94 Tl T
rr:Z ——
093 - 75 =0.0 m3 —e— |
092 | i
— s &
E 091 | '
09 |
0.89 -
0.88 . . . . .
0 0.2 0.4 0.6 0.8 1 1.2
a*fr
d . . 2
Quadratic + quartic a
dependence?

with t-shift

[y —
m
095 | 19 = —0.18 m —e—
4
092
<
g 091
[y m— ; § N
0.89
0588 . . . . . .
0 0.2 04 0.6 0.8 1 1.2
@/t

The coarsest @ ~ 0.15fm set is
(probably) not in the O(a?)
scaling regime!
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HISQ 2+1+1 ]

There is nothing special about fj or f1:

327 vs t/tg should be independent of the lattice spacing if there
are no cut-off effects ©

7 = 0.0
25 T T 25
A e—
=00 fl—
D m— 20 -
—~ — 15t
3 3
% &
o o
sa S0 10
5L
0
0.5 1 15 2 0 0.5 1 15 2

t/ty

t/to
A:a~ 0.15fm; B: a ~ 0.12fm; C: a ~ 0.06fm; D: a ~ 0.06fm;

® Assuming ¢ is large to avoid gradient flow integration artifacts but small
enough to minimize finite volume effects
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HISQ 2+1+1 ]

How robust is 7,,:? Compare fy and 71:

7 = 0.0 70 = —0.18
06 . . . . : 06 . . . :
s s
2 —m— 2w
0s8 | 19 =0.0 e 1 058 | 79 =—0.18 e
0.56 0.56
_osat _ o0
£ s £
£ omt £ o
05 f 0.5
048 - 7 048
046 046 e T 1§
0 02 04 06 08 1 12 0 02 04 06 08 1 12
a*/ty a*/ty

Just like before:
» without t-shift improvement lattice artifacts mask that the
coarsest set is not in the O(4a?) scaling regime
» With t-shift the lattice scale is predicted better than 1%
( Topt is predicted using t/t1)
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4 4+ 8 FLAVOR RUNNING COUPLING @]’

The energy dependence of the running coupling with
4 chiral (m; = 0) and 8 heavy flavors:

207

PRELIMINARY ——m, = 0.060
—m, = 0.080
—m, = 0.100
15+ N =4
—f
=
13
T 10
N0
=Y
sl
= 0.1 .
00 0.2 0. 8 0.8 1

interpolates between 12 flavors (conformal) and 4 flavors
(chirally broken) : observe the walking!
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STEP SCALING: Nf =12

géF(L) versus (3 bare coupling shows crossings
(g%r(L) is independent of the scale)

- does that imply an IRFP?
9 T
— 36"
8 — 32
— 24t
7 — 18 [
— 16"
= o S
N S
S
4+
3+

4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5 8.0

Gj
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STEP SCALING: Nf =12 @]‘

géF(L) versus (3 bare coupling shows crossings
(g%r(L) is independent of the scale)

- does that imply an IRFP?
9 T
— 36
8 — 39!
— 24!
T — 18t
- 16* 1 3
T o | Only' if the crossings
~ o ' survive the
b continuum limit!
41
3F

4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5 8.0
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N =12 ]

Only if the crossings
survive the
continuum limit!

4.2 . . . . .
5.8 5.9 6.0 6.1 6.2 6.3 6.4

This is special: other published step scaling function studies of
Ny =12 do not see crossings, they identify an IRFP by
extrapolating from the weak coupling side.
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Nf =12 &

Take the continuum limit of the crossings:
8er(L) = 8&p(sL) = 8i(Lis) = ggr(L)

10 = T T0=00 — v
ol mio.oi —a |
¢=0.2, s=2 gty o

ol ]

N | c=02,s=2
S A o
2 e i : °® 1 optimization is
Y - u .

st R — 1 essential,

4L Vo 1 TOpt ~ 004:

.1 ]

, L L ‘

0 1/1821/16* 1/12%

(a/L)?
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F09)

Gj

Combine s = 4/3, 3/2 and 2 with common 75 = 0.04

10

9 L

8k

7k

T s=43 ——
$=3/2 - |
c=02,7=004 = e
| @--eoeeeee L - .? ..... - ......................:::; ........
0 124 1/18%1/16* 1/122
(a/L)?

All scale factors predict
¢%(L) ~ 6.2 with no
(apparent) dependence
on the lattice spacing

Extrapolating g2 (L) is more reliable than the 3 function
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Results are similar with ¢ = 0.25, 0.3 Larger c gives stronger

¢%(L) and has increased statistical errors, but t-shift
improvement works the same

10

—_
S
o %
Y
5
4
3
2

T0=00 — v
=002 — W —
70 =004 — @

79 =0.06 —%—

R % o ¥
L L B s
L W
0 1/1821/16* 1/122

(a/L)?

c=025s=2
Topt ~ 0.06

Preliminary

Gj
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CONCLUSION

t-shift gradient flow improvement is a simple yet powerful
method

>

>

It is easy to implement and can give 1-loop improvement
In step scaling function studies extrapolation to the
continuum limit is possible even at strong running
coupling

In scale setting the optimal 7y parameter can be found by
comparing two configuration sets

t-shift improved coupling can reveal non O(a?) scaling
violations that are hidden otherwise

Gj
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THANK YOU MIKE FOR LEADING THE WAY! @‘[‘
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Ny = 4
Test case: step scaling function with 4 flavor staggered fermions
» Set = (cL)~!,c=0.25
» Define discrete § function with scale change s = 1.5

~2 ~2
2 ... 78GF(L%5’)—8(;F(5L9”)
Prat(8GFi s:4) = Tog(s2)

Continuum exptrapolation:
0.6 T T

‘ =002 —m—
70=00 —w—s

051 gdL)=22 "0 e | i i
: gLy =2. =0 Cut-off corrections with

our action are small

] All 7y shifts predict the
same continuum value
] — consistency check!

(£2(sL) = g*(L))/log(s)

0.1 L .
0 1202 1/16° 1/122
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N; = 4 ]

Discrete 5 function

3 T T T

T T
non-perturbative - m—
2-loop
1-l00p  =-nmmmeeen i

25+ 4 flavors .
Close agreement with

] 2-loop perturbative
] value

790 = —0.02 - 0.0 in the
1 investigated g4, range

(£2(sL) = g*(L))/log(s)
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Ny =8 G

Expected to be chirally broken but very strongly coupled

12 - “(;“'Pe““f?ﬂgg — ] Very different from
avor 1-l00p —errmrere .
D w0l ] 2-loop perturbative
E
37 1 70 = 0.0 — 0.04 with
B oy 1 1x nHYP
2 b i ] 70 = 0.12 - 0.20 with
e reliminary
S| | 2x nHYP
t-shift optimization is
’ 2 4 6 8 0 12 14 16 essential
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